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Abstract-Disks ,lnd plates suhjeeted to stretching and lle;\Un: arc stiffened by curvilinear rih­
stilTeners whose share and cross-sectional area arc suhject to optimization, Sensitivity analysis is
first discussed li'r an arhitrary integral fundional of generalized stress. strain and displacement and
houndary domains, The optimality conditions arc ne,t derived, The general theory is illustrated hy
three e",mp!cs of optimal design of ring-stilfeners in circular disks and plates ami of rih-stiffeners
in a rectangular plate,

I. INTRODUCTION

In the present work. disks and plates subjected to stretching and llexure arc considered
within the assumptions of small strain theory. The stitlcning ribs arc assumed to be intro­
duced within the disk or plate domain in order to reduce deflections or stresses. The shape
of such interior ribs and their cross-sectional areas may vary and sensitivity of any response
functional with respect to this variation is to be determined. Next. the optimal design
problem is considered for which the optimal shape. position and cross-sectional stiffness of
the rib is sought in order to minimize the objective functional.

The present formulation constitutes an extension of a class of problems for which an
optimal point support reaction on structures was to be determined, cr. Mroz (1980. (987).
Instead of point action, a stiffener exerts a line action inducing traction discontinuity along
the rib. This discontinuity is related to forces transformed by the rib through equilibrium
conditions. The variation of rib shape will thus correspond to variation of a line of traction
discontinuity within the plate domain. The class of problems of sensitivity analysis with
discontinuity lines was briefly discussed by Mroz (1986) where three types of discontinuity
surfaces were introduced. In this paper. a detailed analysis will be provided for both
stretching and llexure of rib-stiffened plates for which both sensitivity expressions and
optimality conditions will be derived. Though stability and vibration problems are not
treated here. the analysis can easily be extended to these cases. as it has been done by Oems
and Mroz (1989b).

In general, the design sensitivity of any arbitrary functional specified over structure
domain can be obtained by two approaches. The direct sensitivity method requires an
additional solution of boundary-value problem for each particular variation of design
v.triable or parameter. The adjoint state method requires only one additional solution of
an adjoint problem for specified functional independently of design variations. These two
approaches have received considerable attention in the literature. cf. Choi and Haug (1983).
Oems and Mroz (1984), Choi and Seong (1986). Haber (1986), Mroz (1986), Dems and
Haftka (1989) and others. The choice between these approaches depends on number of
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Fig. I. Thin plate stiffened by a rib.

objective functionals and design variations. and also on the relative difficulty of obtaining
adjoint or direct solutions. In this paper. only one objective functional is considered and
therefore the adjoint state method will be applied to derive sensitivity expressions for
arbitrary variations of stiffener cross-section and shape. In this sense. the present analysis
constitutes an extension of previous works by Oems and Mroz (1984. 1987. 1989a).

In Section 2. the equivalent model of a stiffened plate will be presented and in Sections
J and 4 the sensitivity analysis for disks and plates will be carried out. The optimality
conditions are generated next from sensitivity expressions in Section 5. Several illustrative
examples arc presented in Section 6.

2. EQUIVALENT MODEL OF A STIFFENED PLATE

Following Washizu (1975). consider a thin plate with the plane middle surface and
introduce a fixed Cartesian reference system with the Xl' -",-axes lying within the middle
surface and the Xl-axis being directed normally to the middle surface. The transversc
boundary surfaces of the plate are cylindrical and parallel to the x ,-axis.

Assume the platc to be stiffened by a rib of an arbitrary shape ,tnd a cross-section
symmetrical with respect to the middlc surface (Fig. I). Denote the phtte domain by
o = 0 I U 0 1 where 0 I and 0 1 are sub-domains specified by a rib intersecting the boundary
S. The rib axis r lies within 0 and may have its end points on S. For convenience of the
subsequcnt analysis. introduce a local right-handcd rectanguletr coordinate system n. t. b
along S or r. such that n is vector normal to S or r pointing in the exterior of 0 or into
0 1• t is tangential to S or r. and b is normal to O.

The plate can be subjected to a distributed lateral pressure p per unit arca of the middle
surface. directed along the xJ-axis. and to body force f acting within the xt. Xl-plane. On
a portion of the plate boundary Sr. generalized forces per unit length of the plate boundary
are specified. With respect to the local system n. t. b. we have. cf. Fig. 2a.

n

0) bl

Fig. 2. Generalized boundary tractions (a) and stresses (b) for a pl:ttc.
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- {N'U} - {Q}T = - . R = -:- on STNn Mn
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(I)

where .rVn.• and lin are the in-plate tractions acting along the t· and n-axes. Q= V+ ~/ns .•
denotes the generalized shear force acting along the b-axis. while kin is the normal bending
moment acting along S. The twisting moment and the boundary shear force are denoted by
Jfns and V. On the remaining portion Su of the boundary S. the homogeneous displacement
conditions are imposed. namely

if = {~. } = 0 on Su
W. n

(2)

where Ii,. Ii" are the in-plane displacements in the directions of the t. n-axes. and w denotes
the deflection of the middle surface in the xJ-direction. The comma preceding an index
denotes partial differentiation in local or global reference frames.

Note that for a linear case. the body forces f and in-plane forces Nn•• Nn yield the
stretching of the plate. On the other hand. the lateral pressure p with generalized boundary
forces Q. ~fn yield plate flexure. These two modes of deformation are not coupled and can
be treated separately. The generalized stresses in stretching and bending per unit length of
XI and X~ lines are defined as follows

(3)

where N I. N~. NI~ ,lre the in-plane stress resultants and MI. M~. MI~ are the bending and
twisting moments. The shearing forces arc denoted by VI and V~. The corresponding
generalized strains arc

{
t:
1} {'l'1 } {IV'II}q = I~~ • :r = X2 = - U:. 22

e I 2 .r I 2 I~ 01 2

(4)

where e l • I:~. I:I~ are the in-plane strains and J'1o J'~. Xl2 denote the curvatures and torsion
of the middle surface.

Introducing a rib ,1I0ng the line r. the field of internal forces is redistributed so that
discontinuities occur along r. This redistribution will be treated within the plate theory.
thus neglecting local effects near the rib. The rib is treated as a plane curvilinear arch with
free or supported ends A and B subject to stretching. bending and torsion due to the external
loading corresponding to discontinuities of internal forces within the plate along the curve
r. This loading is related to the generalized stresses within the arch through the equilibrium

.,
Fig. 3. Model of a stiffened plate.
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equations. The generalized displacements of the arch are the same as the respective plate
displacements along r. The plate stiffent:d by a rib is thus approximated by two domains
Q 1 and Q: separated by the line r of strong discontinuity of generalized stresses (Fig, 3).

The boundary value problem can be solved for a specified geometry, loading and
material properties of a plate. Consider now a more complex problem when the cross­
sectional properties and the shape of rib are not specified in advance. The major question
can be posed as how generalized stresses, strains and displacements or some global func­
tionals are modified due to cross-section and shape variations of the rib. Assume the cross­
sectional property and the shape to be dependent on a set of material design functions fl(X).

(/ = I. 2.... , L), X E r, and shape design functions ¢d xl. (k = I. 2), x E r. Our purpose is
to express explicitly the variation of an arbitrary functional in terms of variations of i',(X)

and <t~; (x), cf. Fig. 3. It is also assumed that the plate domain may undergo the infinitesimal
transformation e5t/>(Q) where e5t/> is a differentiable vector field satisfying the conditions

(it/>(Q) = ()t/>( r) for x E r
()t/>'n = 0 for XES. (5)

Thus the external boundary docs not undergo any normal shape transformation. On the
other hand, when the rib penetrates the external plate boundary, cf. Fig. 3, the tangential
shape transformation may occur. The additional constraint on the vector field ()t/> at points
A and B of r is then to be imposed. namely

(6)

where lillI, and 1)1/1" arc the tangential and normal components of rib variation. and 'l. denotes
the angk between the rih and the external plate houndary. When 'X does not vary during
the transformation of rih shape. the following condition must he satisficd at A and B:

(
I '),' ~ ). .s - - Sill 'l..r .

I)I!>"., = /\ . -/\ I) I!> "
Sln'l.

at A or B (7)

when: 1\..\ and 1\.' denote the curvatures of Sand r at A or B. respcctivcly.
Due to an infinitesimal transformation of rib shapc. variation of oricntation of the

local coordinatc system n, t, b, and of rib length and its curvaturc occurs. that is (cf. Oems
and M roz, I<Jl:!7)

"
()t=n(KI)lp,+e5IP",,j, I)n= -t(I\.e5lp,+()(P",,). e5b=O

J(dr) = (1)¢,.,-Ke5lp,,)dr, I)K = K"e5IP,+K 1e5IP,,+I)IP,lO" (8)

"
wherc.l' dcnotes the rib paramett:r, J denotes tht: total variation of any vector quantity, and
e5 denotcs the variation of any scalar quantity.

3, SENSITIVITY A~ALYSIS FOR DISKS WITH VARYING STIFFENING RIB

In this section, wc shall consider a disk or plate subject to stretching in its plane. The
plate is loaded by the body forces r within its domain. by surface tractions t on Sr and
with vanishing dispbcement ii = 0 on Su, Denote by v, e and 1: thc displacement. generalized
strain and stress field along the rib axis. whcre

{r,} {r.} _ {N}
v = 1'" • e = ,r' 1: = AI'

(<J)

Herc r,. r" denote the tangential and normal components of the displacement vector on r.
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f: and x are the elongation and curvature of the rib element and N. M denote the cross­
sectional normal force and bending moment. The relation between the generalized strains
and displacements has the form

(10)

where K denotes the rib curvature. () = V" j +KL'j is the angle of rotation of the rib cross­
section and s denotes the arch parameter.

The displacements and generalized strains and stresses within subdomains 0, and 0 1

of the plate are denoted by u I. u~. q '. q~ and Q '. Q~. respectively. It is obvious that the
following kinematic relations between the displacements and strains of the plate and rib
hold along r:

(II)

where e: denotes the strain component in the direction tangential to r within subdomain
0, of plate. The gcnemlized stresses I; within a rib are related to the jump of internal forces
within plate domain along r by the equilibrium equations

N,,-M.,K-[Nn ,] = 0

NK+M..,-[N.] = 0 (12)

where [N., ~ and [N. ~ denote the jumps of tangential and normal components of internal
forces calculated as the difference of respective components in subdomains 0, and O 2 along
r (see Fig. 441), and .H•• = Qcan be regarded as the cross-section.11 shear force within a rib.

Is now assumed that gener.llized stress··strain relations within plate and rib domains
arc given in the general non-linear form

oj

bl

Fig. 4. Generalized forces aCling along rib for stretching (al and bending (bl of a plate.
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Q = S(q), !: = A(e, "). ( 13)

In the case ofelasticity,S and A are generated by a potential rule associated with the specitlc
strain energies. The incremental form of eqn (13) is expressed as follows

( 14)

where

( 15)

For a stable clastic material, 0 and E are symmetric and positive definite tangent stiffness
matrices. whereas LI represents the variation of stress within the rib due to the variation of
material design functions II'

3.1. Sellsitit'ity analysis j(lr an arhitrary jilllctiolla{
Let us now consider the functional

G =f\fI(Q. q. r. u) dn +fhiT. u) dS +f<1>(I:, r., y) dr ( 16)

where the function h depends only on the local components of surface tractions T and
displacements u on S. i.e. h = h(N"" N", 11,. II,,). We assullle furthermore that ~fJ. h and (I)

are continuous functions of their arguments, and domains of integration n, 5; and r tkpend
on transformation vector field r/J(x) associated with modification of the shape of the rio.
The variation e5r/J(x) satisfies the conditions (5) and (6).

Rewriting the functional (16) in the form

where n = n I u n~ and S = S I U .S·~. we note that the functionals G I and G ~ an: defined
over domains n I and n~ with varying boundary parts r. whereas the functional G, is defined
along plane arch r of varying shape and material properties (see Fig. la). To derive the
first variation of functional G we shall follow the analysis presented by Dems and Mrlll
(19S4. (987) and Mroz et al. (1985). Following then Dems and Mroz (19S4, 19X7). we
introduce the adjoint stiffened plate of the same shape as the primary one. but satisfying
the boundary conditions

1'''=h.• onS,.. li"=-h.T onS" (10)

where S,. denotes the portion of S where l' is specified for the primary plate. while S" is the
remaining portion of S where li is prescribed. The adjoint plate is subject to imposed lields
of body force and initial strain and stress specified by

f" = \fI,.. q'" = \fI,Q' Q'" = \fI.q within n\ u n~

r;'" = <1>,:;. :['" = <1>" along r. (19)

Thc stress field Q" and 1:" within platc and rib domains are related to strain fields q" and I:"

by the relations

Q" = D"· (q" -q"') -Q'" within n , un,

1:" = Er . (r." -r.''') -1:'" along r (20)
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where OT, [T are the transposed stiffness matrices specified by eqns (15), and Q", 1:" satisfy
the equilibrium conditions, whereas qa, aa are the associated strain fields which follow from
the displacement fields ua

, va. The jump of internal forces within the adjoint plate along r
is related to the generalized stresses 1:a by the equations similar to (12), while the kinematic
relations along r have a form similar to (II).

The solutions for primary and adjoint plates enable us to express the variation of
functional G explicitly in terms of variations of material and shape design functions of the
rib. Consider first the variations of functionals G I and G1 of (17). Then, following Oems
and Mr6z (1984, 1987) and taking into account conditions (95), it can be written

6G, = f ('I' 'Q' J"Q + 'I' ''lJ"q + 'I' ,r' J"C + 'I',.' 5u) dO, + f'l'J1>n dr

+ f(h,,v.,6Nn,+h ......JNn + h'a,Ju, +h,a}un+h<51>",) dS; i = 1,2 (21)

where J" denotes the local variation (Le. for unperturbed domain) of state fields. Making
use of (18)-(20). eqn (21) can be presented in the form

ijG i =f(qa'JQ-Q"'Jq+ca'Ju+'I',r'{)f) dO, +f'l't51>n dr

+ f [h •.v•.«)Nn•- Nn".()1>'> +h,,v.«)Nn- Nn•..i51>.) +h.a,(ou. - u",(j(pJ

+h.a"(Jlln-lIn.,(j1>.) + (11<51>,).,] dSi i = 1,2. (22)

Using now the virtual displucement principle for statically admissible stress field Q" and
the kinematically compatible displacement field ()u as well as the virtual stress principle for
fields JQ and q", the first integral on the right-hand side of eqn (22) can be rewritten in the
form

fe .. )dO, = f(U" + '1',,). Je dO, +f(5T' u" - T" ·5u) dSi

+f(JT'U" - T" ·5u) df i = 1,2. (23)

The local variations Sf and 5u appearing in eqn (23) can be now replaced by the total
o 0

variations <ST and <Su which take into account not only any variation for unperturbed
domain 0, but also the variation due to shape modifications of0" Sand f. Since we have
(cf. Oems and Mr6z, 1984)

"
bu = 5U+U'k<S1>k
U II tJ

t5T = t5Q' n+Q' On = 5T + Q'k •no1>k -Q' t(Kt51>. +t51>n,,) (24)

where t51>k(k = I. 2) denote the components of transformation field t5</J with respect to fixed
Cartesian coordinate system (x I. Xl)' K is the boundary curvature and Q is treated as a
symmetric tensor of generalized stresses. then eqn (23) can be reduced to the form
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fe .. )dO, = f(U"+'P,r)·SfdO,+ f[U".(~jT T,,()</>J- T"()u-u,,(5lj),)

+ (T' u"J</>,),,] dS, + f[u'" (JT - T.,,)dJ,) - T" (;ju U",)t/JJ + (T' U',)</>. I"~

+ (f· u" -Q' q" - T' u" K + T' u'." + T" u.,,),),p,,] dr i = I. 2. (25)

Since the boundary tractions and displacements are specitled with respect to the local
coordinate system (n, t) [cf. eqns (I). (2)], then it is more convenient. instead of their total
variations with respect to a fixed coordinate system, to consider their corotatil.)nal variations
with respect to coordinate system (n. t) moving together with transformed lXlUndary r or
S. cf. Dems and Mroz (1987). i.e. the variations which d,1 not take into account the rotation
of the coordinate system during the transformation process. In other words, if we (knote
by N"" N" and N:.,•. N:. the components of surface tractions in initial and actual con­
figurations. then the corotational variations of surface traction an: equal to differences
N,~.,. N", and ,v,;. N". n:spedively. Since these variations wac (knoted by (5;V.". ,jN" and
,511" ,jll", we can write the following relationships between the total and corotation'll
variations of surface tractions and displacements

(26)

In view of (25) and (2()), the SlIlll of variations of functionals (i 1 allli (I, detinet! over domain
Q= 0 1 U 0" hy using e(l'l (22), can hc cxprcssed as fnllows

( jV ~" if vii"+ "",,11,,-,:' "till, + (27)

where I.I~(, (!cnotes the dilli:n:nce of enclosed r.Juantitics at points B and A cakulated along
r, and it was assumed that tht: surface tractions and displaccments along cxtcrnal houndary
5; of primary and adjoint plates arc continuous at points A and B.

The variation of functional G, within rih domain can he cakulatt:d hy follo'>ving the
'lf1alysis pn:scnteu in Dl:ms and M roz (llJX7). Ll:t us note that the rihs within primary and
adjoint plates are treatl:d as plane ardws loal.lcd hy thl: jumps of plate internal forces rn
and ~T',~ along r. Using the concl:pt of corotationa! variations, thc lirst variation of G, can
hI: exprl:ssed as follows (d. Dems and Mrt1/, !YX7)

wherl: Si'l denotes the local variation of stiffness function 1'1 for unperturbed arch shape,
and total variation 15, = i)'/'+",,,,hp,. Using now eqns (Iol), (15) and (18)-(20). er.Jn (28) can
he rewritten in the form
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JGr =f[G'" J!:-!:'" JG+ $(JeP,., - KJeP.)] dr +f[$.)" - (g" -$.:;)' L'](J'i'l +i'I.,JeP,) dr.

(29)

Eliminating now corotational variations J!:. Jg and JV by means of virtual stress and
displacement equations derived by Dems and Mroz (1987). after some transformations. the
first variation of the functional Gr is finally expressed as follows

i5G r = f( -[i5N.,jIl~ -[e5N.]II~+[N~,Ji5I1,+[N~]Ju.) dr

+ f{([N.,.,]II~ + IN•.,]u~ - [N~,]u,., - [N~]u•. ,)i5ePJ + [(N"u. + Xu~ - M.,u~ - M" .,11,)."

-(N"r.+ M",r+ M.,O" + M".,(J-[N..,]I1~ -[N.]u~ +$)K]<)<p.+ [$.:,-(G" -<t>,d' L/] 'bi'l} dr

+ [(N"II,., - N.,u~ +M".,u".,+ M.,O" +M";r+$)e5eP, + (N"u.+ NII~ - M".,II, - M.,II~)t)eP".,

- (1'1"11. + NII~ - Ar.,II, - M.,II~).,<)(jJ.JI~~. (30)

In writing eqn (30). we assumed that either the free end of the rib docs not carry the
concentrated load or the end is rigidly supported. and used the conditions (II).

Equations (27) and (30) enable us to determine the variation of functional G. Adding
(17) and (30) and eliminating the jumps of internal forces along r within primary and
adjoint plates by means of arch equilibrium equations. the first variation of functional G
with respect to shape and material vari'ltions of a rib is expressed as follows

+ f[[J:~I1~ +[f,~II;: - [N,~I;': +[ N~,r.~,~+ [N~£,,] +NO".,+N"O" - (M.,I;")"

- (M" .,1:)., - (N"/:+ AJ".r)K+ [\l'~ -t1>K }e5(jJ" dr +f[t1>';'1 - (e" -(I).~)· L/I ·li/, dr

+ [(1'1KII;: + N"II,., + (M.,II~)., +M" •• I1•• ,+ ,\;[";.{' + (1))e5<p, + (M.rr." +M".J: - NO" - N"O)/)<p"

(31 )

where JG~ and JGy denote the variations of G due to shape and material variations of a
rib. n:spectively.

Thus. the variation of G is expressed explicitly in terms of variations of shape and
material functions of a rib. as well as the solutions for primary and adjoint plates. The
second integral on the right-hand side of eqn (31) expresses the variation of G due to
variation of boundary conditions along the outer edge of plate. whereas the last term in
square brackets expresses variation of G due to shape variation at both ends of rib within
primary plate. When either the rib is closed or its ends arc perpendicular to the outer edge
of plate. then this term vanishes. Note furthermore. that the nonvanishing tangential
variation i5(jJ. on S can be limited to these parts of S which arc penetrated by the rib
ends.

3.2. ScnsitiL'ity analysis lor complementary and potential energies
Consider now a particular case when the functional G coincides with the comp­

lementary or potential energies of the plate and derive their first variations associated with
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shape and stiffness variations. Such functionals occur in problems of global compliance or
stiffness design.

Let us consider first the complementary energy of a disk stiffened with the rib which
is closed or perpendicular to its outer edge. This energy equals

(32)

where Wand Wdenote the specific stress energies per unit area of a plate and unit length
of a rib, respectively. Comparing (32) with (16), we easily observe that

'fI = W in n, h = 0 on S. <D = rr along r (33 )

and then, according to (18, 19), the adjoint plate has to satisfy the following boundary
conditions

f" = 0 on S r, ii" = 0 on S"

with the imposed initial fields

f" = 0, q'" = W'Q = q, Q'" = 0 in n
s'" = rV,l,; = e, 1:'" = 0 along r.

Thus, the state fields within the adjoint plate arc

II" = II, <I" = q. Q" = 0 in n
v" = v, I:" = s, 1:" = 0 along r

and the tirst variation of 11., in view of (31), equals

(34)

(35 )

(36)

i511. = f u· Jf dn+ f [u.(i5N", - N"",i5(p,) + II"(SN,, - N" .. i5(/J,l] dS I

+ f{[flu-[N,~G,+N(}"-(M",;),,+[W~-WK}i54>,,dr+ f W,;.,·Jy,dr. (37)

Assume now that functional G coincides with potential energy, that is

G= 11" = frU(q)-f'U]dn-f't'UdSr +fO(e,y)dr (38)

where U and 0 denote the specific strain energies. Comparing (38) with (16), we have

'fI=U-f'u inn, h=O onS", h=-l"u onSr, <1>=0 alongr (39)

and then, according to (18, 19), the adjoint plate is subject to the following boundary
conditions

f" = h,,, = - f on Sr, ii" = 0 on S"

and the imposed fields of initial stresses and body forces

(40)
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fa = - f. q~1 = O. Q~' = U.q = Q in 0

,;"' = 0, 1:a
, = D,. = 1: along r.

Thus. the state fields within the adjoint plate are

u" = O. q" = 0, Q" = -Q

9113

(41 )

v" = 0, ,;a = 0, ~(J _ ~... --- (42)

and the first variation of nu • in view of (31). equals

emu = - fu.5fdO- f[II,(e5N.. -iV.J .,c5cP,)+II,,(e5N.-N•. ,c5if1.)]dSr

+ff-[N•.,t..] - [N.t.] - Ne., +(M.,t),,+(Nc+ M.r)K + [U] - [f]' u

- DK}c5if1. dr+fD".,J'y,dr. (43)

Noting that U+ W = Q' q and D+ ~V = 1:. &. it is easy to prove that c5n ll = - c5na .

4. SENSITIVITY ANALYSIS FOR PLATES IN FLEXURE

In this section we shall consider the case of bending of a plate shown in Fig. 3. The
problem of optimal design of discrete stil1cners in plates was treated by Samsonov (197M).
The present analysis, however, ditTers from that in Samsonov (1978), The optimal dis­
tribution of circular ribs in plastic plates was determined by Kozlowski and Mroz (1969).
Optimization of densely stiffened plate was analysed in Rozvany et al. (1982, 1987) by
assuming the equivalent orthotropic model.

The plate is subjected to a transverse load p, whereas either generalized tractions Ror
displacements ware specified on S. The rib within plate domain is simulated by a plane
arch r with free or supported ends A and B. subjected to bending in t. b-plane and torsion
in n, b-plane. Denote by v. e. }; the generalized displacement, strain and stress fields specified
along the rib axis. where now

= {t'} = {"'h} 'f' = {Mh}V 0'& ,,- If'
J, 1" r

(44)

Here t' denotes the deflection of a rib in b-direction, and 0 is the angle of cross-section
rotation along t-axis, Xh and M h denote the bending curvature and moment, whereas .r,

and M, are the torsion and cross-sectional twisting moment. The relations between the
generalized strains and displacements have the form

xh=3.. +KO, x,=O•• -K:J (45)

where {} = v,s is the angle of cross-section rotation along n-axis. The generalized dis­
placements, strains and stresses within subdomains 0, and O 2 of the plate arc denoted by
WI, w 2, :,;1, x 2 and MI. 1\1 2• respectively.

It is obvious that the following kinematic relations between the generalized dis­
placements and strains of the plate and rib hold along r

.~ - IV - Kw - -.r I - -.r 2 ~ - (II' + KII' ) _ I _ . 2
'~"h - '.','1' .~ - .'.' - .", 0,-1/( - - .".f 'f - x,fn - ;£,'1'''- (46)
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The generalized stresses within a rib are related to the jump of internal forces within plate
domains by the equilibrium equations of the form

where [M.] and [Q] = [V+ M••,,] denote the jumps of plate bending moment and gener­
alized shear force along r. and T denotes the cross-sectional shear force within the rib.

We assume, similarly as previously, that generalized stress-strain relations within plate
and rib domains are given in the general non-linear form (13). The incremental forms of
stress-strain relations are expressed similarly to (14).

4.1. Sensitivit.v analysis for an arbitrary functional
Similarly as in Section 3, consider now the functional

G =f,¥(M, x, p, w) dQ+fh(M., Q, 11',., 11') dS +f<I>(E, 8, y) dr. (48)

Rewritting the functional (48) in the form

its first variation equals

(50)

Following the analysis presented in Section 3, we introduce now the adjoint stitfened plate
of the same shape as the primary one and subjected to the same kind of boundary conditions
which are specitied as follows

where SIt and Sf are the supported and loaded parts of plate outer edge, respectively.
Furthermore, the adjoint plate is subject to imposed fields of initial strain and stress specified
by

fdl = <1>,1:, E'" = <1>.. along r

and is loaded by the transverse pressure

pa = 'P,. within n.

(52)

(53)

The stress field M" and 1:a within domain Q and along r are related to the strain fields x"
and 8a by the linear relations, which are similar to (20). Obviously, the fields Ma and 1:a

satisfy the equilibrium conditions, while x a and f.a follow from the displacement fields w·
and va. The kinematic relations along r have a form similar to (46), while the static
conditions are similar to those expressed by eqns (47),

Using the solutions for primary and adjoint plates we can express the variation of G
explicitly in terms of material and shape variations of the plate rib. Following the analysis
presented in Dems and Mroz (I 989a), derive first the variation of functionals G I and Gz of
(48). Thus, we can write
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oG, = f('P. M • J'M+'P.", ·J'x+ 'P.pJ'p+ 'P.",J'w) dO; + f 'Po4>" dr + f[h.M'<OM" -M".,o4>,)

+h.Q(oQ-Q.,o4>,)+h.....<ow.,,-w."'o4>,)+h."'(ow-w.,o4>,)] dS,+M4>,Ir. i = 1.2. (54)

Using now (52). (53) and constitutive equations for primary and adjoint plates and applying
the virtual displacement and stress principles. the first integral on the right-hand side of
eqn (54) can be rewritten as follows

f(. ..)dO; = f(xa'J'M-Ma'J'x+'P.pJ'P+paJ'W)dO; = f(Wa+'P.p)J'PdO;

+f(J'vwa-J'MIJf~,a.;- V"J'w+M~J'w,;)dS;+ f(J'VWa-J'M;"Wa.,- vaJ'w+M~J'w.;)dr (55)

where M", = M;l'j and V = Mij.jn j •

Similarly as in Oems and Mroz (1989a), we can now eliminate the local variations
bM", and II V in eqn (55) by means ofcorotational variations ofgeneralized boundary forces
M. and Q. Thus. after transforming of eqn (55) and substituting it into eqn (54), the sum
of variations of functionals G I and Gzequals

(5G I +bG 2 = f (w" + 'fI'I')J'p dO+ f [(hM. - w",.)(lIM" - M""o4>,) + (h.Q +w")(bQ - Q.,lI4>J

+ (h,~..• + M~)(Jw,. - w.".,b4>,) + (h,~. - Q")(lJw - w,,04>,)) dS

+ {[M~,](5w-[bM.,]w" - ([M•.,]w".,+ [M~.,]w.,)lJ4>,} I~·· + f {[[p]w" -[Ms]x~

+2[ M•.]x~,+ [Q]w"•• + [Q"]w•• + [M~x,,] - ([Q]w" -[M"]w",,,)K- ([M"]w" ..),,

- ([M~]w,,)..IJ4>. +[[M"., ]w"." - [Q..]w" - [M~]w••,+ [Q"]w..llJ4>., + [bQ ]w"

- [6M.]w"." - [Q"]6w+[M~]6w.,,} dr + {[M~,]6w- [oM",]w" +([Q]w" -[M.]w"••

- [M.,]w"" - [M~.,]w.s)lJ4>, +([M.]w"., - [M•.]w"•• +[M~]w.. - [M~,]w,.)lJ4>.I~~. (56)

Consider now the variation of functional G, of (47) defined within rib domain. This variation
can be obtained in the similar way as that presented in Oems and Mroz (1987) and Section
3. Thus, JG, can be written first in the form similar to (28). Next, after using (51), (52)
and the linear generalized stress-strain relation within the rib of adjoint plate, it can be
retransformed to eqn (29) where now the generalized strain and stress have the components
defined by eqn (44). To eliminate the variations bE. liB and ov in eqn (29) we have now to
formulate the virtual stress and displacement equations for an arch of varying shape
subjected to bending and torsion. To do this. let us denote the generalized load acting on
the rib by

{q} {-[Q]}
II = m = -[M.]

and consider the identity following from (45). (47) and (57)

The first variation of eqn (58) is expressed as follows:

(57)

(58)
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f (b:~::- s+!:· e5s-e5p- v - p- by) df + f (!:. s- p- v)(<>¢,., - Kb¢.) df

- [b(Tv) + b(M,O) +e5(Mh.'1)jl~~. (59)

The virtual displacement equation can be obtained from (59) by eliminating the terms
involving the variations of static fields, whereas the virtual stress equation requires one to
eliminate the terms involving the variations of kinematic fields. Taking the variational form
of equilibrium equations (47) and kinematic relations (45), and applying the results to eqn
(59). we can write finally the following virtual displacement equation for primary static
fields and adjoint kinematic fields

f(!:a. 6&- 1'''' by) df = f {[M~.rh + J'4;'.7"/- (M~., + M;'K).'1K - (M;'.'1-M'i,O),,,jb¢.

+ (M'i,.£b., + M;',r,., -q"l'., -m"O.,)bcp,} df + [(M~'.'1 - M'i,O)"b¢. - (M~.'1- M'i,8)b¢."

- (MiO., + MI..?, + rl',,)bcp, + M'i,e5.'1+ M~b8+ TQbvjl~~ (60)

and the virtual stress cq uation

fCC)!: 's" -c)p-v") df = fWM,.?" - A.rbO") ..,+ (Alb" + M,K).?" K- (qu" +mOU )K]e5¢.

+ (Mo .•·rb + M, ...ri -q.,I''' -m.J}")()cP, l- df + [- (M,.9" - MhO").,c)¢. + (M/.'1" -MbOQ)b¢•. ,

- (Ah.. ;)" + M, ..O" + T"l''')e5cp, + r5Mb;)" + r5M/O" + bTv"jl~~. (61)

Substituting now eqns (60) and (61) into eqn (29). the first variation of functional G, for
the case of bending and torsion of a rib can be written, after some transformations, in the
form

bG, = f {e5qv" +bmOa- q"bv - m"bO - (q"v" +mOJO" - q"v" - m"()...)e5¢,

+ {(M,.?" - MbO" + M~'.'1- M'i,O)." + [(Mb., + M,K).9" + (Mb.. + M~K)8-qv" -m()"

- M'i,;rb - M~.r/ - cI>jKl-bcp"l- df + f [cI>';'1 - (s" - cI>.l;) . L1j' SYI df+ [(M,9" - Mh()"

+ A/~.? - ArO).,<5¢" - (Alb.,;)" + Af,.,O" + T.,l''' - M'i,.?, - M~O., - T"v" - cI»e5¢,

(62)

The expressions (56) and (62) enable us to determine the variation of the total functional
G. Substituting these expressions into eqn (50) and using the conditions (46), (47) and (57),
as well as noting that the rib shear force at points A and B equals (cf. Fig. 4b)

T - ["'f F + ["I is- i /H.lJ 1 n... ]

the first variation of G can be expressed as follows:

(63)
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~G = f(W" + 'P.p)Jp dO+ f [(h. M.- K.-:)(<>M. - M••,<>Ij1,) + (h'Q + w")(l5Q- Q..l5Ij1,)] dSr

+f{['II] -et>K+ [p]w"- [M,]x~-2[Mos]x:' + [M~x.]+qO" + (rn9") ..

+qaO+ (rna;)., + (M,;)a - MbO" + M~;)- M'i,O)." + [(Mh •s + M,K)9a+ (M't ..+M~K)3

-M'/,Xb -M~x,]K}blj1. dr +Iret>'7/-(sa -et>.d· LI] ·J·i'l dr + [(et>+M'i,9.. +M~O,)l5Ij1,
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(64)

In view of eqns (45) and (47) we can write the following equality valid for any static and
kinematic fields

Using (65) in (64). bG can be finally expressed in the form

c>G =I(w" + 'P.p)Jp dO+I[(I1. M•- wa•• )(<5M. - M•• ,<5Ij1,) + (h' Q +wa)(<5Q- Q"l5Ij1,)] dSr

+I{['P~ -<DK+[p]w" -[M,]x~-2[M•• ]x:. +[M:.r.] + (M/x/, - MbX~ +M~Xh - M/,z,) ..

+ Tt·;' + T".f/ - (AI'/,.l'h + M;' x,)K}c)¢. dr + Irc!'." - (£" -<D.d· [,fl' OYI df

+ [(cl> + M",'J .• + Af;'O.,)c)¢. + (MhO"., - M,9"" + M"O., - M;'9,,)<5¢.m~ = l5G.; +l5Gy.
(66)

Thus. the variation of G is expressed explicitly in terms of variations of shape and material
functions of a rib. as well as the solutions for primary and adjoint plates. The second
integral on the right-hand side of eqn (66) expresses the variation of G due to variation of
boundary conditions along loaded part Sr of the outer edge of plate. whereas the last term
in square brackets expresses the variation of G due to shape variation at rib ends within
primary plate. When the rib is closed then this term vanishes. Note. furthermore, that the
nonvanishing tangential variation <5¢, on S can only be limited to these parts of S which
are penetrated by rib ends.

4.2. Sensitil'ity anaZ~'sis for complementary and potential energies
Derive now the first variation ofcomplementary and potential energies of plate associ­

ated with shape and stiffness variations. Assume then that the rib is closed or perpendicular
to the outer edge of plate and consider first the complementary energy

(67)

where W and ~V denote the specific stress energies of plate and rib. Comparing (67) with
(48) we have

\f' = W within 0, h = 0 on S. <D = W along r (68)

and then. according to (51), (52). the adjoint plate has to satisfy the homogeneous set of
boundary conditions and is subjected to the imposed fields of initial curvatures
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.r'" = W'~I =.r within n, 8" = ~r.!: = 8 along r.

Thus. the state fields within the adjoint plate are

w' = w. x' =.r. [\1' = 0 within n
v' = v, e" = 8, ~"= 0 along r

and the first variation of n". in view of (66), equals

(69)

(70)

(m~ = f".JPdn+ f[II"«)Q-Q.,6</J,)-II'.n(JMn-Jfn.,()<P,)]dSr+ f [[W]- ~tK+[p]\I'

- [M,,]r, - 2[A.fn,]Tn, + (M,Tf, - M,.r,)., + Tr, : ()<Pn dr+fW.;,J'il dr. (71)

Note that since the rib is closed or perpendicular to the outer plate edge. then the boundary
terms at points A and B on the right-hand side of eqn (66) vanish.

Assume now that the functional G coincides with the potential energy, that is

where U allli 0 denote the specitic strain energies. Comparing (72) with (4Sl. we can easily
ohserve that

'I' = U -fill' within n, II = () on .')'". II = QIl" M"II'." on ..';(

III = D along r (73)

and then, al:cording to (51). (52). the adjoint plate is subjel:tcd to the following set of
boundary conditions

w" = 0 on S", Q" = -Q, ll.f~ = -AI" on Sr

and the imposed fields of initial generalized stresses

M'" = U., = l\I within n, ~'" = D.• = E along r.

(74)

(75)

Moreover. the adjoint plate is loaded by the lateral pressure that, in view of (53). equals

p" = lfJ,. = -p within n.

The state fields within the adjoint plate are then

(76)

w" = 0, d'" = O. ~I" = -\1, v" = O. c" = O. ~"= -E (77)

and the first variation of 0", in view of (66), takes the form

(50" = - fll'Sp dn + f [1l,,"«)J!n - Jln .,6(/>.) - 1l'«)Q - Q.,<></>,)] dS r+ f {[UD-lpJII'- DK

- [M".r~] - (M,.!', - AI,r,)., - Tr, + (M,:r, + Af,.r,)K ; ()cP" dr +JD.;li'( dr. (78)
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Since U+ W = M·.r: and 0+ ~V = !:. I: it is easy to prove that bn. = - bn".
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5. OPTIMALITY CONDITIONS IN OPTIMAL DESIGN OF RIBS

The typical optimal design problem involves minimization of the cost functional of
a structure subject to the global constraint imposed on generalized stresses. strains or
displacements. This global constraint can be expressed in the general form similar to (16)
or (48). The other geometrical constraints. which can be additionally imposed, will not be
considered here. Note that the constraints imposed on local values of stress. strain or
displacement can easily be converted to the global form (16) or (48) by using the Dirac
delta function. Similarly. any constraint imposed on maximum values of stress. strain or
displacement components can also be expressed in the global form. as it was shown, for
instance. in Mroz et al. (1985) or Oems and Mroz (1989a).

In what follows. we assume that the cost of plate domain n is fixed and only the cost
of a rib can vary due to change of its shape and cross-sectional properties. Thus, the
objective function can be expressed in the form

c =fc(y) dS => min7.,p

where c is a specific material cost of a rib. The first variation of C now equals

(79)

(80)

where ()c, and ()c,p denote the eost variation due to change of material properties and shape
of rio. respectively. When the rib is closed or perpendicular to the outer edge of plate. then
the last term on the right-hand side of eqn (80) vanishes.

Assume now that the plate is subject to the glob..d constraint of the form

G-G.. ~ 0 (81 )

where G is expressed by eqn (16) or (48) and Go is a prescribed quantity. To derive the
optimality conditions of problem (79). (81), we introduce the Lagrange functional

(82)

where ;. denotes the Lagrange multiplier and :x is a slack function. The stationarity condition
of functional G' yields the optimality condition

(83)

with the switching and constraint conditions of the form

(84)

The optimality condition (83) can be rewritten in the form

(85)

where JC;. and JC.p are expressed by eqn (80), while c5G, and c5G,p are expressed by eqn (31)
for stretching of plate and eqn (66) for the case of its bending.

An alternative formulation of the optimal design problem would require the mini­
mization (or maximization) of G with the upper bound set on the structural cost. that is

SAS 25:9-8
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min (or max) G subject to C - Co ~ O. (86)

Introducing now the functional

(87)

where ;. and fJ denote the Lagrange multiplier and slack function, we can obtain the
following set of optimality conditions

which are equivalent to the conditions (84), (85).

6. EXAMPLES

In this section. let us consider three simple examples which should illustrate the
sensitivity analysis and optimal design for rib-stiffened plates.

Example I. Consider a circular disk of radius rc with a central hole of radius r,. The
disk is stiffened with a circular rib of radius R and cross-sectional area A (Fig. 5). and is
loaded uniformly by pressures Pc and p, acting within the disk plane along the outer and
inner edges. The disk is made of linear-elastic material with elastic constants E and \'. Due
to geometrical and mechanical symmetry, the non vanishing stress components within disk
domain an: radial and circumferential stn.:sses N, and N,. whereas the disk rib is subjected
to tension with the normal force N. The stress state within the disk domains 0\ and n; is
expressed as follows

A,
,Y" == ., -t- B,~

r N" =
A,
, + //,

r
i =0 1.2 (Xl))

where A, and 1J, denote some constants. whereas the cross-sectional normal force within
the rib is related to the jump of radial stresses by the relation [cl'. eqn (12)]

lv'

R
(9()

The conditions of displacement continuity within disk domain yields the following relations
between the generalized strains within disk and rib

(9 I )

where t;" denotes the circumferential strain component within 0, and t; is the unit elongation
of the rib. In view of disk boundary conditions and eqns (X9)·(9 I), the constants A [, IJ [,

Fig. 5. Rib-stiffened circular disk loaded hy intern;t1 and external pressures
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Fig. 6. Distribution of sensitivity of n. versus varying rib radius (a) and generalized stresses for
stationarity point of n. (bl for constant rib cross-section.

A> B: and the normal force N can be determined as the solutions of the following set of
equations:

AI--,- + B I = -PI'
T"I

A.
-.::- + B, = -P
r~ ... C·

C

AI N A: N
(l-v)B I -(I +v) R~ = ~i' (l-v)Bz-(1 +v) R~ = A' (92)

Consider now the complementary energy of a disk that equals

(93)

and determine: its first variation with respect to the position of the rib and its cross-sectional
area. In view of (37), <5n~ is expressed in the form

(94)

Assuming. for simplicity, v = 0 and noting that 6¢J. = 6R and YI = A, eqn (94) yields

(95)

In studying the first variation of n" let us consider now three different kinds of variation
of rib cross-sectional area A. Assume first the constant rib cross-section. Thus, bA = 0 and
the last term on the right-hand side of eqn (95) vanishes and the sensitivity of n" with
respect to R is expressed in the form

~~"- = ~ N(l!- _AI +~: _ B_B.)
dR EAR: I.

(96)

where AI, A:. B I • B: and N are the solutions ofeqns (92). Figure 6a shows the graph of
n~ and its sensitivity with respect to varying rib radius R for rj = I. r. = 6. A = A o = 2 and



992 K. DEMS t'l ul.

Pe/P, = 0.5. It is easy to note that n" attains its minimum value for position of rib on the
outer edge of disk. whereas for value of R satisfying the condition dn,,/dR = O. n" attains
its maximum value. For such position of the rib. the jump of normal stresses I,V,] = aand
the circumferential stress N, = O. as it is shown in Fig. 6b. and then the normal rib force
vanishes.

Assume secondly that the rib cross-sectional area is inversely proportional to its radius.
namely

(97)

where A" is a prescribed quantity. Then. it follows from eqn (95) that

(98)

Figure 7a shows the graph of n" and dn,,/dR with respect to varying R for the same values
of ',. 'e' A" and Pe/P, as in the previous case. while on Fig. 7b the graph of N" NI for R
satisfying the condition dn,,/dR = 0 is plotted. We can observe that n" attains a maximum
for the same value of R as in previous case. whereas the minimum value of n" corresponds
to R = ',.

Assume finally the quadratic relationship between A and R. namely

. ( " + 'e)~A = II" -k R- 2 • (99)

where A" and k arc the prescribed quantities. Then. in view of (95). the sensitivity of n"
takes the form

~fl"- = ~ N[~ _ ~I_~ A ~ _ B _ B + "k N R(R - ~I_~. '~)J. (100)
dR EAR ~ I l - A ~ 2

Assuming the same values of '" 'c and pc!p, as previously. and the values of A" and k
satisfying the conditions A(,,) = A(,c) = A" = 2. the graph of n" and its sensitivity is shown

06 0.8 R/ r.

IV
........

""-
-"'"'
~

02 0.4

~.O

o

dTta NIp
dR

o -~O

O.B R/r.0.6

Ii~
'1\: ~--0.70

0.65

0.60
0.2 O.~

0.75

01 bl

Fig. 7. Distribution of sensitivity of n. versus varying rib radius (a) and generalized stresses for
stationarity point of n. (b) for rib cross-sectional area inversely proportional to its radius.
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Fig. 8. Distribution of sensitivity of n. versus varying rib radius (a) and generalized stresses for
stationarity points of n. (b) for quadratically varying rib cross-section.

in Fig. 8a. Now we observe. contrary to the previous cases. that besides the position of rib
corresponding to maximization of n .. , the condition dn../dR = 0 yields the value of R for
which the complementary energy of a disk attains its global minimum. Figure 8b shows the
graphs of radial and circumferential stresses within disk domain for both cases. For the
case of global minimum of n .. we observe the nonvanishing normal force in the rib caused
by the jump of normal stresses [N,] on both sides of the rib.

Example 2. The next two examples are concerned with the bending of plates. Consider
first a uniform circular plate of radius R and of bending stiffness a (Fig. 9). The plate is
rigidly supported along the outer edge and is loaded by the uniform lateral pressure p. The
material of plate and rib is assumed to be linearly elastic with elastic constants E and v.
Due to symmetry of the problem. the nonvanishing stress and strain components within
plate domain are the radial and circumferential bending moments M n • M, and curvatures
J·n. :r,. whereas the rib is subjected to bending with the bending moment M h and curvature
J'b' The moment IHh is related to the jump [Mn~ by the equation. cf. eqn (47),

(101)

The kinematic relations along the rib axis have the following form:

["n~ = -[wor,]. "J = Kw." "nJ = 0, "b = -Kw", /(, = O. (102)

The deflection field for such plate was derived by Nash (1948) and it is expressed in the
form

where the constant C equals

Fig. 9. Uniform circular plate stiffened by a ring.
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(104)

Consider now the potential energy of the plate

n" = f<U-PII')dQ+fUdr = rr{D f' (r~+21'.r".r,+.L·;)fdf- f'Plrfdf+£Ir;R}

( 105)

where D denotes the plate rigidity, and determines its first variation with respect to position
of a rib and its bending stiffness. In view of (78). c5n" can be written in the form

(106)

Expressing the static fields in terms of kinematic quantities and noting that ()<P" = iiR and
<>"1 = 6a, eqn (106) yields the following expression:

( 107)

[n analysing thc sensitivity of n" let us assume now two different kinds of variation of rih
bending stilTness. When the rib stiffness is inversly proportional to its radius, then we have

f c
£1= R£I", ( lOX)

where a" is a prescribed quantity. [n vicw of (106) and (107), the sensitivity of II" with
respect to R takes the form

(109)

Assuming now constant valuc of rib stiffncss, we have (ja = O. and then in view of (106),
the sensitivity of n" equals

dn" [n f I.-..... = ltDR, r 'I· r -( r + r ).dR ;·nlJt~·, ·,,1 -,,2," ( 110)

Consider now the stationarity of n" with respect to the position of rib within plate domain.
For the case ofvarying a, in view ofeqn (109), the condition dn"idR = 0 yields the following
optimality condition:

0.8 t----+----+----+-----1

a/2 c.:..:..::-t-.::.--=-;..:-::..;-=r---=--=-=--1~4
Q6t----+----+----+-----1

0.4 '----_-'-__--'---__--'-__---l

5.0 100 15.0 a fOr.

Fi~. 10. Optimal value of rib radius versus plate stilTness paramctcr.
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(III)

Substituting eqns (103) and (104) into eqn (III). aftcr some transformations. we have

(112)

from which the optimal value of R equals

( 113)

When. on the other hand, thc rib stiffness is constant. in view of eqn (110). the condition
dnjdR = 0 yields

( 114)

Using once again eqns (103) and (104). we obtain thc following optimality condition

(115)

from which the optimal value of R can be determined. Figure 10 shows the graph of the
optimal value Rlro• with respect to varying parameter al Dro• rt is seen that for increasing
value of alDro the optimal value of R tends asymptotically to the value J2 r./2.

Example 3. This last example is concerned with the optimal position of two straight
ribs reinforcing the rectangular plate of dimensions a x b (Fig. Ila). which is loaded by the
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lateral pressure p and is simply supported on its all external edges. Moreover. we assume
that both ribs are positioned symmetrically at the distance l from the plate edges. and their
torsional rigidity can be neglected.

Consider now the mean stiffness design. for which the optimality condition follows
from the stationarity of potential energy of the plate. For the problem considered. in view
of (78). the first variation of potential energy can be expressed as follows:

(116)

Using (46) and (47) and integrating by parts eqn (116) we obtain the following form of
optimality condition

( 117)

where [Q] denotes the jump of plate generalized shear forces on both sides of rib axis.
Assuming now uniform lateral pressure (I. let us consider the approximate solution of

the problem at hand. We assume namely. that the plate is connected with a rib at I points.
where I tends to infinity. Thus. the optimality condition (117) can be replaced by its
approximate form

±1',11".,1 "'f = 0
1- I r _ 'T;

( II X)

where «(,. II,) an: tht: Cartt:sian t:oordinatt: of tht: ith point and 1', tknott:s tht: intt:raction
fort:e between the platt: and rib at this point. The forces 1', (i = l. 2•... ,I) can bt: dt:tt:rmint:d
from the condition of compatability of plate and rib dclkctions at points (c/, 'I,).

The total deflection of plate is equal to the sum of deflection of uniform platt: subjected
to the lateral pressure (I. which can be obtained from the Navier solution. cf. Timoshenko
and Woinowsky-Krieger (1959). and del1ection of plate caused by interaction forces between
the plate and ribs. Thus. it can be writtcn

I

I\'(x. y) = II'P(X, y) - L P,II';(.I:, y)
/ _ I

where

. IImx . Iln:y
SIO --, sIn

16(1 " a h
u,P(x. y) ="D L L (.... .). 11/,11 = 1.3.5.,.

n: '" • 1 •• 1 ,,,- II--
mil ._" +.

(r 11-

( IIlJ)

(
. mn:l . mn:(a - (») . nn:rl,

SIO-- +SIO--------- SIO'>
4 ' a a h . 1IIn::I: . lin: \'«x. r) =·~h·-D·· L L --'''' (' ,--' :;-)'-; - SIO SIO' (120)

• n: a '" _ 1 • _ I '!~; + n: - (/ a
lr h-

The del1ection of rib can be expressed in the form
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Fig. 12. R,-ctangular pl'lte stiffened by four str'light ribs (.1) and optimal rib positillllS versus plate
stiffness parameter (b).

I

1'( y) = 2: l',l',( y)
; ..... 1

where I', dc.:note the.: inOuem:e codlkie.:nts of simply supported beam which equal

(121 )

where El denotes the bending stiffness of the rib.
Now, the interaction forces Pi can be determined from the condition

L'(I/,) = w(t, t/,).

Substituting (119) and (121) into (123). we obtain the following set of equations.

I

2: [11~(f, ti,) +vi(I/,)]Pi = ",P(t. I/i) i == 1.2..... /
J- I

( 123)

(124)

from which all P, can be determined.
Knowing the forces Pi. the plate deOection wand its derivative W. t arc calculated from

eqn (119). and next the results arc substituted into optimality equation (118). Figure lIb
shows the results of numerical solution of eqn (118) for / = 10, 'Ii = iJlI. where the
nondimensional position of rib ( = I/O versus the parameter IX = EllDo is plotted. It is seen,
that for small values of rib stiffness the ribs are positioned on the axis of symmetry of plate,
whereas for increasing rib stiffness they are translated towards the plate edges tending to
their terminal position specified by ( = 0.313 for IX tending to infinity, A similar analysis for
four ribs placed symmetrically provides an optimal solution illustrated in Fig. 12.
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7. COt'-CLLOI:\G RE\Ir\RKS

The present paper provides a general variational method to treat problems of sensitivity
analysis and optimal stiffener design by considering varying traction discontinuity lines.
The sensitivities of arbitrary differentiable functionals are expressed ex.plicitly in terms of
state fields of primary and adjoint plates. These ex.pressions can next be used in both
analytical and numerical solutions for optimal design or identification problems. Numerical
implementation through finite element method would require determination of both primary
and adjoint displacement fields at nodal points along the rib and within the plate domain.
so the respective discontinuities along rib line can be calculated. The study of various
numerical approx.imation schemes is beyond the sl.'ope of this paper and will be disl.'ussed
separately.
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